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Abstract 

We prove dilation invariant inequalities involving radial functions, poliharmonic 
operators and weights that are powers of the distance form the origin. Then we discuss 
the existence of extremals and in some cases we compute the best constants. 
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1 Introduction 

The starting point of the present paper is the inequality 

\x\ a \V k u\ p dx > c aAp I \x\ a - kp \u\ p dx VueC 6 fc r (R n \{0}). (1.1) 



Here n > 2 and k > 1 are integers, a € R, p > 1, C k r (W l \{0}) is the space of 
radially symmetric functions in C^(1R ?1 \{0}), and 



A m if k = 2m is even, 
VA m if k = 2m + 1 is odd. 

Let us briefly describe our main results and our motivations. 
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First we find out the class of parameters a, k and p such that (jl.ip holds with a 
as the completion of C k r (W n \{0}) with respect to the norm 



positive best constant c a ^,p- When c a ^,p > we define the space 



\x\ a \V k u\ p dx) . (1.2) 



\\ u \\k, 

Then clearly V k ' p (R n ; \x\ a dx) ^ L p (M n ; \x\ a ~ kp dx). Notice that V k ' p (R n ; \x\ a dx) is 
the natural ambient space in dealing with radially symmetric solutions to polihar- 
monic problems with weights. Having this application in mind, we study dilation 
invariant inequalities of the type 

/ \x\ a \V k u\ p dx > S k>q ,j(a) ([ \x\- Pk -i>*\V i u\ q dxY * (1.3) 

for u E T> k ' p (M. n ; \x\ a dx), and we show that the best constant Skqj((x) is positive 
and achieved. Here j = 0, k — 1 is an integer, V°u = u, q > p is given, and 

n-(k-j)p + a 

Ph-j,q = n- q . (1.4 

p 

We remark that (|1.1|) is closely related to the double weighted Hardy-Littlewood- 
Sobolev inequality (see e.g. Stein and Weiss [22] and Lieb [13]). The standard Hardy 
inequality is recovered by choosing k = 1: it is well known that 

/ \x\ a \Vu\ p dx > - 1 P ( \x\ a - p \u\ p dx Vu£C c fc (R"\{0}) (1.5) 

holds with a sharp constant in the right hand side. 

Second order dilation-invariant inequalities have been largely studied since 1954, 
when Rellich showed that 
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/ 



\Au\ 2 dx> ( n[jl ' 4) ) [ \x\~*\ U \ 2 dx Vn 6 C c 2 r (R"\{0}) . 

V 4 / JR n 



In the Hilbertian case p = 2, Ghoussoub and Moradifam proved in [12] that 
°a,2,2 = \{n — 4 + a)(n — a)/4| 2 (see also [6], where a different approach is used). 

Only partial results are available if p 7^ 2 or k > 3, see for instance Mitidieri [15] 
(in a non-radial setting) and Adimurthi and Santra [2]. Related inequalities can be 
found in the above quoted papers, in [I], [7], [10], [11] and in the references therein. 



2 



In the present paper we compute c a ^, p for any a, k and p. We put 



rr n + a i 
n a = 1 , 7 a h 



n + a \ f n , n + a 
h) [n-2 + h 



(1.6) 



P \ P / \ P 

where h = 2, k is an integer. Notice that \H a \ p is the Hardy constant. 

Theorem 1.1 Let a £ R, p > 1 and k >2. The best constant in is given by 



Y\_ ha,2h\ p if k = 2m is even, 

h=l 
m 

H \la,2h+i\ p if k = 2m + 1 is odd. 



(1.7) 



h=l 



In case k = 2 Theorem 11.11 implies that 

'n + a 



\ a \Au\ p dx > 



^ n - 1 l±^Yj \ x \"-*P\ u \Pdx (1.8) 



P / \ P 

for any u £ C c fc r (R n \{0}). In fact JTH]) is a corollary of the Hardy inequality and of 
the next result. Here we agree that A°u = u. 

Theorem 1.2 Let a 6 1R ; p > 1 and let m > 1 be a given integer. Then 



J 



HA m d p dx > 



n + a 



n 



P 



la— p 



|V(A' m_1 u)| p dx (1.9) 



for any u G C|™(M n \{0}). T/ie constant in the right hand side is sharp. 

Notice that in the singular case a = 2p — n the best constant in (|1.8p vanishes, while 

f \x\ 2p - n \A m u\ p dx > |n - 2| p / |x| p ~ n |V(A' m_1 -u)| p dx Vu G (7 2 ™(M n \{0}). 
Theorem 11.21 and (jl.5p provide explicit best constants in inequalities of the type 

f \x\ a \V k u\ p dx > c aAjjP [ \x\ a -( k -ti p \V j u\ p dx V u e C7 c fc r (M n \{0}), (1.10) 



for any intermediate case j = l,...,k — 1, see Remark 12.31 

Weighted high order inequalities for non radial functions are more involved. In 
and [BJ, where p = 2 and k = 2 are assumed, it is proved that 

/ \x\ a \Au\ 2 dx> min | 7q 2 + i(n - 2 + i)| 2 / |x| Q_4 |u| 2 dx 
Vr™ ieNu{0} ' Jr" 



for any u G Cg(R n \ {0}). In particular, the best constant vanishes if —7^,2 is an 
eigenvalue of the Laplace-Beltrami operator on the sphere. The problem of finding 
the best constant for weighted Rellich type inequalities in a non radial setting and 
for general parameters a, k,p is still open. 

Next we direct our attention to semilinear inequalities. Assume c a ,k,p > and 
take an exponent q > p. For any integer j G {0, k — l} let Sk >q j(a) to be the best 
constant in (jl.3p . that is, 



/ 



x 



a \V k u\ p dx 



S Kq ,(a) = inf —j- (1.11) 

i^o 1 M / \x\- h -^\V ] u\ q dx 

In Theorem 17.141 of Section [7.31 we prove that Sk,q,j(ct) is positive and achieved in 
I?r' p (lR n ; |x| Q (fx). We refer also to Theorems 17.41 and 17.51 for shorter proofs in case 
k = 2. 

If n > kp, a = 0, j = and q = p k * := , then /3fc j(? = and Sk, q ,o(0) coincides 
with the radial Sobolev constant S^ p . Actually, (jl.lip includes also the other (k — l) 
best constants £j£ , 5* , ...,S kp , that are relative to the embeddings 

■ np 

We refer to Remarks 17.111 and 17.151 for details on this subject. 

If fe = 1, a > p — n and q > p, then the infimum Si >qt o(a) is closely related to the 
celebrated Caffarelli-Kohn-Nirenbeg inequalities in [3]. In case p = 2 its minimizers 
are explicitly known since the paper [9] by Catrina and Wang (see also [13J). In 
Theorem 17.21 we extend the Catrina- Wang uniqueness result to the non Hilbertian 
case p 7^ 2. More precisely, we show that u G V}' p (M. n ; \x\ a dx)\{0} solves 

- divflxn Vu\ p - 2 Vu) = \x\~ n+q11 ^ \u\ q - 2 u on W l (1.12) 

if and only if u coincides with 

V 

1 + |x| 

up to a change of sign and a rescaling, where C > is a computable constant. In 
particular, {J achieves Si t q t o(a) and 5i igi o(a) is explicitly known. Notice that we do 
not need any a-priori assumption on the sign of u. 
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Now assume k = 2 and a ^ {2p — n,np — n}. Then c a ^, p > by Theorem 11.11 
and the infima 

\x\ a \Au\ p dx 



S 2 , q ,o(a)= inf ^ j- (1.13) 

ueT>?' p (M. n ;\x\ a dx) ( f n i Q n-2 P +c, ^ p/q 

uj^Q / \x\ p |li| y dx 



|x| Q |Au| p cte 



are both positive and achieved. In Section 17.21 we explicitly provide the extremals 
for 52,^,1(0) and hence its value is computable in terms of Gamma functions, as in 
[3], [9] and [23]. 

In this introduction we limit ourselves to state a corollary of Theorem 17.51 that 
is concerned with the limiting embedding 2? 2 ' p (R ra ) ^ V 1,p (M. n ), where p > 2n and 
P* = ^~p~ is the (first order) critical exponent. 

We denote by A p » = div(|V • \ p _2 V-) the p*-Laplace operator, and we identify 
functions that coincide up to a rescaling and a change of sign. 

Theorem 1.3 Assume that n > 2p. Then the problem 

A{\AU\ P ~ 2 AU) + A P *U = V (1.15) 

has a unique nontrivial solution U £ T>r' p (M. n ). More precisely, U achieves 



J 



\Au\ p dx 



5 2 %:= inf ^ — (1.16) 

\jR n J 



and it is given by 



U{x) 



q ( p -l) ~ - ~ P\ ^ foo , K P=n 



P 



n — p + a 



p — 1 



1— p 



s ( 1 + s p * ) P ds. 



There are a few ways to prove inequalities like (jl.ip and (jl.3p . In |15| . Miti- 
dieri applied his powerful "simple approach" to compute c at k,p, among other best 
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constants, when q = p and j a ± > 0. Pointwise estimates are frequently used to 
obtain integral inequalities, see for instance the papers [I] by Caffarelli, Kohn and 
Nirenberg and the more recent [I], [2J. In presence of symmetries, Calanchi-Ruf 
in [5] and de Figueiredo-dos Santos-Miyagaki in [10] obtained embedding results as 
corollaries of a radial lemma (in the spirit of [18J and [14]). 

Here we use a different approach. We start in Section [2] by proving Theorems 
11.21 and 11.11 via the Hardy inequality for functions of one real variable. No point- 
wise estimates are needed. To study (|1.3p we follow the opposite direction with 
respect to the above mentioned papers [5] and [ID], that is, we first prove embed- 
dings theorems, then we infer the desired inequalities. We focus our attention on 
(jl.3p even if we can obtain also pointwise estimates, radial lemmas and informa- 
tions on the regularity of radial functions, see Remark 17.121 Roughly speaking, to 
get more inequalities in case c a k p > we define a k-th order Emden-Fowler trans- 
form 2?r ,p (lR n ; |x| Q <ix) —¥ W k,p (M.) and we show that the induced norm on W k ' p (M.) is 
equivalent to the standard one. Then, classical results about the space W k ' p (M) pro- 
vide embedding theorems for T>^' p (W n ; and the inequalities we are interested 
in readily follow. 

The first step in this program consists in highlighting a suitable class of equivalent 
norms on the Sobolev spaces W k,p (M,). We will start with the lowest indexes k = 1 
and k = 2 in Sections H] and [5j respectively. The higher order case k > 3 will be 
briefly discussed in Section [6j 

Notation. We denote by c any nonnegative ininfluent constant. 

We set R+ = (0, oo). For any integer n > 2 we denote by w„ the n — 1 dimensional 
measure of the unit sphere S n_1 in R". 

If C R" is a rotationally invariant domain and k > is an integer, we denote by 
C^ r (fi) the space of radially symmetric functions u £ C*(fi). For u £ C^ r (Q) we let u' to 
be the radial derivative of u. Thus |x|u'(x) = Vu(x) • x. 

The exponent q' = -^j is conjugate exponent to q £ (1, oo). 

Let lo be a non- negative measurable function on a domain f2 £ R n , n > 1. The weighted 
Lebesgue space L 9 (f2;u;(x) dx) is the space of measurable maps u in fi with finite norm 
(In \ u \ quj ( x ) dx} 1 ^ . For wElwe denote by the standard norm in L q (fl) — L q (fl; dx). 

The norm in the Sobolev space W k,q (l&) is given by 




1/9 
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If n > kp then the space 2? fe,p (R") is the closure of C^°(R n ) with respect to the norm 

\ i/p 

\V k u\ p dx) . 

We put V k ' p (R n ) = {u e V k >P(R n ) \ u = u(\x\)}. 

Let p"* = np , be the k-th order critical exponent. The radial Sobolev constant 



\V k u\ P dx 



\ p dx 



is positive and achieved (see also Theorem 17. 141 and Remark 17.151 in Section \T?2\ below) . 



Assume that k = 1 or p = 2. Then it is well known that is the best constant in the 



embedding V k ' p (W l ) ^ U> (R n ), that is, 



inf 

u£V k ' p (R n ) 



\V k u\ P dx 



\ p dx 



p/p k 



see [3], [23] and for instance [TT| for the poliharmonic case. 

The notation k* means * * If & € {1, 2} we write *, instead of 1*, 2*, respectively. 

k times 

2 Higher order Rellich inequalities 

Throughout this paper we will use the Hardy inequality for functions in C,i(R+) 
several times. We recall that 

n-H-n" r°° 

(2.1) 



Jo 



- a W\ p dr > 



a + 1 — p 


7 


p 


Jo 



r a ~ p U p dr 



for any a G R, p > 1 and a; G C^(R+). Moreover, the constant in the right hand 
side is sharp and not achieved. 

We point out a simple but very useful corollary to the Hardy inequality f)2. 1 1) . 

P />oo 



Lemma 2.1 Let r, A G R ; p > 1 and w G C^(R + ). T/ien i/ie inequalities 



r T \ v" + (A — l)r dr > 



o 



T + 1 - Xp 



P 



~ T - p \v'\ p dr (2.2) 



o 



r T \v" + (A - l)r - V| p dr > 
hold with sharp constants. 



(t + 1- Ap)(r + l-2p) 



P />oo 



r T - 2p |w| p dr (2.3) 
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Proof. We start by noticing that (|2,3p follows form (|2.2p . thanks to the Hardy 
inequality (|2.ip . To prove (12. 2p we use again (|2.1I) to estimate 



r T \v" + (A - l)r~V | p dr 



r l-A r A- V 



„T-(A-l)p 



r A-l„/ 



p 



> 



r + 1 - Ap 



P 



p />oo 



,r— Ap 



r A-l v / 



Thus (|2.2|) holds, and the proof is complete. 



□ 



2.1 Proof of Theorem [Q 

Fix any it G C 2 ™(R n \ {0}). Since 

I \x\ a \All\ P dx = U n I 

Jl" Jo 

roc 

\x\ a - p \Vu\ P dx = W, 



n— l+oi„ ,// 



then from ( 12.21 ) it follows that 

\x\ a \Au\ p dx > 



n 



n + a 



P 



u" + (n — l)r 1 n'| p (ir 

r n-l+a-p| u /|p dr) 



ixr- p iv-ui p dx. 



Thus (|1.9p is proved in case m = 1. If m > 1 it suffices to write down 
A m ~ 1 u G C 2 r (]R n \{0}) instead of «. 



(2.4) 

with 
□ 



2.2 Proof of Theorem fTTTI 

We first prove (|1 .T|) in case /c = 2m is an even integer. We have to show that 

/ \x\ a \A m u\ p dx > TT \~/ a , 2h \ p / |x| a - 2mp |u| p ^ VueC c 2 ;(R n \{0}). (2.5) 



If m = 1 then (|2.5p reduces to (jl.8p , that is an immediate consequence of (|2.4p and 
of the Hardy inequality (j 1 . 5 [) . Assume that (|2.5p holds for some m > 1 and for any 
a£l. Fix u G C c 2 ™ +2 (R n \{0}) and use (USD to infer 



r- 2mp |Ad p dx > 



,a-2(m+l)p, , Pda . 
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since j a -2m Pl 2 = 7a,2m+2- Thus we have that 



*\A m+1 u\ p dx 



\x\ a \A m (Au)\ p dx 

Y[\l«,2h\ P / \x\ a - 2mp \Au\? dx 



> I I |7a.:-'/, 

h=l 



> 



\h=l 



a,2h\ P ) \l2m+2\ P / \x\ a ~ 2 ^ P \ U \ P dx, 



as desired. If k = 2m + 1 is odd we use the Hardy inequality and the first part of 
the proof to get 

/ \x\ a \V(A m u)\ p dx > \H a \ p [ \x\ a - p \A m u\ p dx 

> W \f[\la- P ,2h\ P ) [ \x\ a - p \A m u\ P dx 
\h=l J ^ Rn 

for any u G C 2r ^ +1 (M. n \{0}). The conclusion readily follows, as "y a - Pt 2h = 7a,2h+i 
for any integer h □ 

Remark 2.2 An alternative proof of Theorem \l.l\ is suggested in Remark \7.1(J[ 

Remark 2.3 Tedious computations allow us to find the best constant c at k,j tP in 
\1.10}) . Theorem \1.2\ and the Hardy inequality provide the values of c a ^k,j, P for 
j = k — 1 and j = k — 2. For smaller indexes we put 5j = n — 1 — ^-j^ + k — j. If 
k = 2m is even we have 



™a,2m,j, P 



Y[\^,2h\ p ifj = 2i 



h=l 

m—i—l 



\Sj\ p II \^\ P ifj = 2i + h 

h=l 

while if k = 2m + 1 it results that 

m—i 

\H a \ p n\ la , 2 h+i\ p ^3 = ^ 

h=l 
m—i—l 

\H a S 3 \ p J] \ l2h +i\ p ifj = 2i + l. 



-o,(2m+l) ,j,p 



h=l 
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3 The k-th order Emden-Fowler transform 

Let p > 1, a E R and let k > 1 be a given integer. From now on we assume that 

In h 7^ V/i = 1, m if fc = 2m is even, 

7«,/i / V7i = 1, m and Ha ^ if /c = 2m + 1 is odd. 

Let us briefly describe our strategy. Thanks to Theorem II .1\ we can define the space 
V k ' p (R n ; \x\ a dx) as the completion of C k r (R n \{0}) with respect to the norm in (fL2|) . 
Next we define the (inverse) A:-th order Emden-Fowler transform 

T k : C k (R) -»■ C c fc r (lT\{0}) (T fe <?)(*) = \x\- H *g{-\og\x\l 

where we have set 

H a , k = - k. (3.2) 

P 

Notice that H a ^\ = H a , compare with (jl.6j) and (|1.5j) . Then we show that 7fc 
extends to a bicontinuous isomorphism W k ' p (M.) — > P r ' p (R n ; \x\ a dx). Finally, from 
the Sobolev embeddings of W k,p (R) we readily infer all the inclusions we need to 
prove inequalities of the type (|1.3p . 

The first step in this program consists in highlighting suitable classes of equiva- 
lent norms in W k,p (M), starting from the lowest order k = 1. 



4 Equivalent norms on 

We point out a simple lemma, based on the Hardy inequality for functions in C\ (R+). 
Lemma 4.1 Let p > 1 and A G R. Then 



J 1. 


f ' - A / | 






/ \f\ P ds 

'R 



M„(A) := inf — — = |A| J 



and M P (A) is not achieved. 
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Proof. To any / G C£(R) we associate the function v G C ( }(]R + ) defined by v(r) :- 
r A /(— logr). Simple computations show that 



/ 1. 

JR 


f -A/I 









f oo 

(l-A)p-li „/ 



r- Xp ~ l \v\ p dr 



o 



and the conclusion readily follows by using (12. ip and a density argument. □ 

The next proposition furnishes the equivalent norms we need in case k = 1. Its 
proof is immediate, by Lemma 14.11 and by Sobolev embedding theorem. 

Proposition 4.2 Let p > 1 and AgK \ {0}. Then 

Vp 



/ |/' -A/|*<fe 

is equivalent to the standard norm on W 1 '?^). Thus, for any q > p the infimum 

I \f-Xf\ p ds 

JR 



M P J\):= inf ^1 (4.1) 



is positive. 

If p = 2 < q, then extremals for 



[\f'-Xf\ 2 ds [ (\ff + \ 2 \f\ 2 )ds 

JR . :„f JR 



M 2 , g (A) = inf ^ — = inf 

^ Uk ' 7 ^ W nqdS ) 

give rise to nontrivial solutions of the Emden-Fowler (or Schrodinger) equation 

-/" + A 2 / = I/| 9 " 2 / onK. (4.2) 

It has been shown in [9] that, up to translations, equation (14.2p has a unique positive 
solution F G -ff 1 (M), which is explicitly known. The interest of Catrina and Wang 
in the ODE (j4.2j) was motivated by its relevance with the Caffarelli-Kohn-Nirenberg 
inequalities in the Hilbertian case p = 2. 
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Remark 4.3 The minimization problem in \4--ly *s non compact, due to transla- 
tions in R. By nowadays standard arguments one can prove that for every bounded 
minimizing sequence fh, there exists a sequence s^ in R such that fh(- — s^) is rel- 
atively compact in W 1,P (M). Hence, M Pj(? (A) is attained by some function f ^ 
which solves 

- {\f ~ A/r 2 (/' - A/))' - A|/' - A/r 2 (/' - Xf) = \fr 2 f on R (4.3) 
up to a Lagrange multiplier. 



Now we state a uniqueness result for nontrivial solutions / G M^ 1,P (R) to (|4.3p . 
Notice that we do not require any sign assumption on /. Thus some care is needed, 
as the exponents p, q might be smaller than 2. 

We identify functions that coincide up to a translation and a change of sign. 

Theorem 4.4 Let p > 1, q > p and A G R \ {0}. Then the ordinary differential 
equation ^4-3\ ) has a unique nontrivial solution F G VF 1,P (R). More precisely, F 
achieves the best constant M pq (X), and it is given by 



F{s) 



P 



K p — 1 



p-i 



P \ Q-P 



Mp-2) , 
e 2(p-l) ' 



cosh I — ^ — ^ s 



2(p-l) 

Proof. For any nontrivial solution / G iy 1,p (R) to (|4.3p we define 

<p = \f-\fr\f'-\f). 

The pair /, <p solves 



(4.4) 



/'-a/ = M 



p'-2 



9-2 



(4.5) 



in the sense of distributions. Notice that p', q satisfy the standard anticoercivity 
assumption (p' — l)(q — 1) > 1. Clearly, tp G L P '(R) and \\<p\\ p i = \\f — A/|| p . Since 
-iff = \<p+ |/| 9 " 2 G LP'(R) by Sobolev embeddings, then ip G W 1 *'^). Thus 
<p G C 1 (R), as / and <p are continuous function. But then also / is of class C , since 
/' = \f + \<p\P- 2 (p. Thus the pair /, ip is a classical homoclinic solution to (|4.5p . 
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The system (|4.5p is conservative, with with Hamiltonian energy 
H(f,<p) = \f<p + ±\f\* + ±\<pf. 



In particular, (14, 5ft is equivalent to 

/' = d 2 H(f,g) 
g' = -d 1 H(f,g). 

From / 6 (p £ W 1,p ' (R) one infers that /, ip vanish at infinity, and therefore 

A/^ + -|/|« + -W=0. (4.7) 

Notice that A/(/9 < on the set {/ / 0} = {tp / 0}. We can assume that / achieves 
its positive maximum at some point sq. Using f'(so) = 0, (14.5P and (14.7P one can 
uniquely compute the values of f(so) > and X^p(so) < 0. Since for any initial 
datum /o > 0, ipo ^ the Cauchy problem for (|4.6p has a unique local solution, to 
conclude the proof we only have to show that the pair F, <3? solves (14. 5h , where <3? is 
given by 

$ = \F' - XF\ p - 2 (F' - XF). 
In order to avoid long computations one can argue as follows. Put 



> p-i 
p " 



p — 1 



i 

P \ q-p 



A(p-2) A(g-p) 



c l = 7T7 TT > c 2 



2(p-l)' z 2(p-l)' 



so that -F(s) = A; e ClS (coshc2 s and compute 

(\ * ( -i) 

k ^ P j | A |P-2 Ae (p-l)(c 1+C2 )s (coshc^) 1 ^. 

Now it is easy to check that the pair .F, <E> satisfies the conservation law (|4,7p , that 
is sufficient to conclude that F, $ solves (|4.5p . as desired. □ 



5 Equivalent norms on VK 2j, (R) 

We start with a preliminary result. 
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Lemma 5.1 Let p > 1 and A, 7 e M mi/i A 2 + 7 > 0. T/ien 

/ | 5 " - 2,4 5 ' - 75 | p (is 
J P (A7) == i"f " ? = N p 



and I„(A, 7) is not achieved. 
Proof. We introduce the constants 



\g\ p ds 



\ = 2 + 2 v / A^, T = P X + 2 2 2A ~ l - 

n T + l 



poo 

r T |v" + (A-l)r- 1 w'| p dr 



To any g £ C 2 (M) we associate the function u(r) := r j> g(— logr). Notice that 
/ \ g "-Ag'- ig \ p ds = f 

Jr JO 

[ \g\ p ds = [ r T ~ 2p \v\ p dr. 
Jr Jo 

Therefore, by a density argument, 

POO 

/ r T \v" + (A — l)r _1 i/| P dr 

/ P (A, 7 )= inf 



v£C?(R+) / _T-2pi ip rfr 

Since (r + 1 — Xp){r + 1 — 2p) = —jp 2 , the conclusion follows by Lemma 1270 □ 
Proposition 5.2 Let p > 1 and A, 7 € R u>i£/i A 2 + 7 > 0. 7/ 7 / f/ien 

lblU, 7 := Qjg" -2Ag' -jg\ds^j 
is an equivalent norm on W 2 ' p (^l). Moreover, for any q > p the infimum 

[ \g"-2Ag'- 7 g\ p ds 
JR 



I P , q (A,rf) := inf 

g&W 2 

is positive and achieved in W 2,P {W). 



9 eW 2 <p(R) ( f \ p / q 
9^0 



[ \g\ q ds) 

Jr / 
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Proof. Fix a small e > such that |2^4|e < 1/2. We recall that there exists a 
constant C £ > such that \\g'\\ p < e\\g"\\ p + C £ \\g\\ p for any g G W 2 ' P (R). Using also 
Lemma 15.11 we find that 

|2A|C 6 + | 7 | + r 



|#||vK 2 >P < 2 1 + 



| 7 |p 



|/-2A 5 '- 75 | 



||/_ 2j 4 5 '- 75 || p < (2 + |2A|C e + |7|)||g|| W 2, P . 

Thus the norm || • ||^ )7 is equivalent to the standard one. 

Since W 2 > P {R) <-> L q (R) by Sobolev embedding, then I p , q (A,j) > by the first 
part of the proof. By nowadays standard arguments, it is easy to prove that every 
bounded minimizing sequence for I Ptq (A, 7 ) is relatively compact in W 2,P (R) up to 
translations in R. In particular, I Pjq (A,j) is attained in W 2,P (R). 

Now we focus our attention on the inclusions W 2 ' P (R) >■ TU 1 ' 9 
We start with the "linear" case q = p. 

Lemma 5.3 Let p > 1, A, 7 , B E R with A 2 + 7 > 0. Let 



□ 

where q > p. 



J p (A,j,H) := inf 



\ g " -2Ag' - 19 \ p ds 



\g' + Hg\ p ds 



i) 7/7^0 t/ien J p {A,-f,H) > 0. 
ii) J P (A, 0,0) = |2A| p . 

iii) IfH^O and H 2 + 2Aff - 7 = 0, then J P (A, 7, H) 



Proof. If 7 7^ then ||<?||a,7 is an equivalent norm on W 2,P (R) by Proposition 15.21 
Hence J p {A,j,H) > 0, since W 2 > P (R) ^ W 1 ' P (R). 

To check ii) one can reproduce the trick in the proof of Lemma [5 .1\ or can argue 
as follows. First notice that J P {A, 0, 0) > \2A\ P by Lemma [4. 11 To prove the opposite 
inequality use a rescaling argument. Take any g G C 2 (R) \ {0} and test J P (A, 0, 0) 
with s I—?- g(ts), where £ — > + . The conclusion is readily achieved, as 



J P (A, 0,0) < 



\tg" -2Ag'\ p ds 



g'\ p ds 



\2A\ +o(l). 
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It remains to check Hi). Notice that 

/ \tf + Hg)' - 1 (</ + Hg) 
Jr h 



inf 

geW 2 'P( 



ds 



> 



\g' + Hg\ p ds 

by Lemma l4.1i Then use rescaling as before to prove the opposite inequality. □ 

Now we direct our attention to "semilinear" inequalities. For any q > p, A E R, 
the infimum M Pj(J (A) has been defined in (|4.ip . 

Proposition 5.4 Let p > 1, q > p, A, 7, H € R with A 2 + 7 > 0, and put 

I \ g " -2Ag' - 19 \ p ds 

JR 



Jp,q{Al,H) := inf 

g€W 2 'P( 
9^0 



\ p/q 
\g' + Hg\idsj 



i) If j 7^ then J Pjq (A,'y, H) is positive and it is achieved in W 2,P (R). 
ii) J p , q (A, 0, -2A) = for any AeM. 
in) J p ^ q (A,0, 0) = M P) q(2A) and it is not achieved. 

Proof. If 7 7^ then ||<?||a,7 is an equivalent norm on W 2 ' P (R) by Proposition O 
Thus ») readily follows, as W 2 ' P (M.) <-> W lt9 (SL). To prove that J p , q (A, 7, H) is at- 
tained use standard arguments in translation-invariant problems, as for Proposition 

The fact that J p ^ q {A, 0, — 2A) = can be proved via rescaling, since 



J p , q (A,0,-2A)= inf 

9^0 



/ \(g'-2Ag)'\ p ds 

Jr 

\p/q' 
\g'-2Ag\«ds\ 



To check Hi) we first notice that 



J p>q (A, 0,0) > inf 

f£W 1 -P( 



I \f'-2Af\ p ds 

JR 



\p/q 
\f\ g dsj 



M m (2A). 
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Next, for any function / G C^(M.), / / we put g(s) = / f(t) dt. Then g is 

bounded, g(s) = for s « and is a constant for s >> 0, so that in general 
g <£ L P (R). Take a function 77 G C 2 (R), such that 0<r?<l, 7? = lon (-00, 1) 
and 77 = on (2, 00). We test J Ptg (A, 0, 0) with the function gh(s) = r q(h~ 1 s)g(s), 
where h > 1 is an integer. Notice that g^ G VF 2,P (M) since it is smooth and it has 
compact support. It is not difficult to show that g' h — > g' = f in L P (M) and in L q (M), 
9h^9" = f inLP(M). Thus 



/ \g'l l -2Ag' h \ p ds [ \f'-2Af\ p ds 
/ \9' h \ q ds) I \f\ q ds) 



Thus J P! g(A, 0,0) = M p (? (2A), as / was arbitrarily chosen. It remains to check that 
J P: q(A, 0, 0) is not attained. Assume that g G W^(M) is a non constant function 
such that g' G L P (M) n L 9 (M), g" G LP(R) and 

/ | 5 "-2A 5 , | p ds = J M (A0,0) / |</|«cM =M M (2A) / bT ^ J . (5.1) 

Then g' G W 1,P (M) achieves M P)q (2A), and hence g' has constant sign (use a standard 
convexity argument or Theorem 14. 4p . In particular g is monotone, that implies that 
g £ L P (R). Thus g does not achieve J P)(Z (A,0,0). □ 

Remark 5.5 If A ^ then J p>q (A,0,0) = M M (2A) > by Proposition In 
Theorem \4-4\ we proved that the infimum M Ptq (2A) is achieved by a unique and 
positive function F G W 1,P (R). Therefore, any primitive g of F satisfies g',g" G 
L P (R) and \5. However, g ^ W 2,P (R) since g is increasing on M. 

In order to simplify notations we introduce the differential operators 

B+r] = rj + Hn , £>_ = 77 — Hn , 
£+r] = —rj" + 2Ar\ + 77/ , C-r\ = —rj" — 2An' + 777. 

Remark 5.6 Assume 7 7^ 0. Then any minimizer g G W 2,p for J Pi9 (^4,7, H) is, up 
to a Lagrange multiplier, a weak solution to the fourth order differential equation 

£_ {\C + g\ p - 2 C + g) = {\B +9 r 2 B+g) on K. (5.2) 
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In the next result we identify functions that coincide up to multiplicative con- 
stants and composition with translations in R. 



Theorem 5.7 Let p > 1, q> p, A, H, 7 G E with 7, H 7^ 0, A 2 + 7 > ami 



if 2 + 2Aff -7 = 0. 



(5.3) 



T/ien 15. /ias a unique nontrivial solution G G W 2 ' P (1R). More precisely, G achieves 
the best constant J Ptg (A,'j, H), and J P ^(A,^, H) = M Pig (jj), 



G(s) = ke~ Hs / t 1 ^ 



G(s) = ke~ Hs / t 7 ^ 



-H-l 



--H-1 



i(q-p) \ p-q 

\ + t H( P -i) ) fa ifH>0 



p) \ p-q 

l + t H( v -i) ) fit ifH<0, 



where 



k 



p — 1 



p-l 



2iT 



1 

q-p 



Proof. First of all one has to prove that G is a T^ 2 'P(M)-solution to (jOj) . We 
indicate here a way to minimize computations. We notice that 



GOO 



' e~ Hs I e Ht F{t)dt ifH>0 
J —00 

e Ht F(t)dt ifH<0, 



where F G W 1,P (1R) is the function defined in (|4,4p with A = -3*. Thus by Theorem 
14.41 we know that F = G' + HG achieves the infimum M Pi(? (-^) and solves 

- (if-jjfrv-jjf))'- ^if-^fr'u'-jjf) = \fr 2 f- (5.4) 

Since G decays exponentially at ±00, then clearly G G L P (R). Hence G G W 2 ' P (R), 
as G' = F - HG G LP(R). Now we use flES) to get 



F' -^-F = G" - 2AG' - 7G = -£ + G. 
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Hence, we have showed that G solves 



(\C + G\ p - 2 (C + G))' + ^-\C + G\ p - 2 (C + G) = \G' + HG\ q - 2 (G' + HG) 
H 

= \B + G\ q - 2 B + G. (5.5) 

Finally, we apply the operator — £>_ to both sides of (|5.5p and we use again (|5.3|) to 
get that G is a solution to ()5.2|) . 

Now, assume that g G W 2 > P (R) \ {0} solves flO]), and put 

f:=g' + Hg = B + g£W 1 > p (R). 



First of all we show that / solves (|5.4p . By (|5.3p we have that 



\£ +g r 2 C + g£L p '( 



with pointwise a.e. equalities. Thus (p is a distributional solution to 

c^ = B^(\/r 2 f), 

as g solves (jO]) . Now G L P '(R) as g G iy 2 ' p (R) <-> W llT (R) 

and therefore </? satisfies 

/ ^(£+r/) ds = {C-<p, V ) = (B- (|/r 2 /) ,V) = ! \fr 2 f(B + r,) ds 

for any rj G C£°(R). In particular we infer that 



(5.6) 

for any r > p, 



tp (C+rj) ds 



< c 



\i/p 



where the constant c > depends only on 5. Since H 7^ by assumption, by 
Proposition 14.21 we get that the functional rj 1— )■ L ^ (£+v) ds is continuous with 
respect to the l^ yl,p (R) topology, that is, 99 G W 1,P '(R) and (/? solves (|5.6p in a weak 
sense. On the other hand, in the dual W ,P (R) we can compute 



thanks to (15.31). Thus we have shown that 



B- (l/l 9 " 2 /) 



The operator ,6_ : PF 1,P (IR) — ► T4 y_1 ' p (R) is invertible, and therefore it holds that 
—tp' — jj(p = |/| 9-2 /, that is, / solves (|5,4p . By Theorem 14.41 we can assume that 
/ coincides with the function F = G' + HG. Hence g' + Hg = G' + HG, that is, 
g = G and the theorem is completely proved. □ 



19 



6 Equivalent norms on W k,p (M) 



Here we improve Lemma 15.11 and Proposition 15.21 to include higher indexes k > 2. 
We start by introducing some notation. 
Let m > 1 be an integer and let 

A= (Ai, A m ) e R m , 7 = (71,..., 7m) G R m 

be given m- vectors. We define the m + 1 differential operators 

Lh9 = g" ~ 2A h g' -j h g , L^- = L x o ... o L m , 

so that L.-h has order 2m. 

We distinguish the "even case" k = 2m from the "odd" one, when k = 2m + 1. 
For the proofs use induction. We omit details. 



Proposition 6.1 Assume that A\ + 7^ > for any h = 1, m. Th 



en 



inf 

geW 2m,p( 
9^0 



ds 



\g\P ds h=l 



II 



I7M 



Moreover, \\g\\h^ ^ '■= - d\\p * s an equivalent norm on W 2m {R) provided that 
lh 7^ f or an y h = 1, m. 

Proposition 6.2 Assume that A\ + 7/, > for any h = l,...,m and let A £ I. 

Then 



M p (A,f,X) :-- 



inf 

9^0 



ds 



\g\ p ds 



iAi p n^i 



h=l 



Moreover, \\g\\i.^ t B '■= W^A^d' ~ ^A^dWp * s an equivalent norm on W 
provided that A 7^ and 7/1 7^ for any h = 1, m. 



2m+l( 



Remark 6.3 One can get more inequalities by taking advantage of the embeddings 
W k >P(R) > W j ' q (R) for h = l, k-1 andq>p. 
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7 The spaces V^ p (R n ; \x\ a dx) 

In this section we assume that c a ^, P is positive and we study the properties of the 
Banach space T>r ,p (M. n ; \x\ a dx). We start with the lower order case k = 1. 

7.1 The space X> r 1,p (R n ; \x\ a dx) 

If a p — n, then V}' p (R n ; \x\ a dx) is a well defined Banach space with norm 

\\uf la = I \x\ a \Vu\ p dx, 

JM. n 

and it is continuously embedded into L p (U. n ; \x\ a ~ 2p dx) by the Hardy inequality. 

For g G C*(R) we put (Tig)(x) = {x^^gi- log \x\), where H a = ^ - 1. Then 
clearly 71 : C^(1R) — > C^ r (lR n \{0}) is a linear, invertible transform. 

Lemma 7.1 Assume a ^ p — n. 

i) The transform T\ can be extended in a unique way to a bicontinuous isomorphism 
W 1,P (R) -> P r 1,p (R n ; |j;| Q dx). 

u) //a > p — n then C^, r (W n ) C 2?r' p (IR n ; In particular, if p < n then 

P r 1,p (M n ; \x\°dx) = vl' p (R n ). 

Proof. Notice that 

/ \x\ a \V(Tig)\ p dx = uj n f \g' + H a g\ p ds 

for any g G C*(M). Therefore follows from Proposition 14.21 as Ha ^ 0. 

To prove ii), take any u G C^R"), and let g = T{~ u. Then g = for s << 
and g(s),g'(s) = 0(e~ HaS ) for s — )• oo. Since ff Q > then g and </ decay 
exponentially at infinity, and therefore g G VF 1,P (R). Thus u G Pr' p (R n ; 1^1°) by i), 
as desired. □ 

The next theorem was proved by Catrina and Wang in [9] when p = 2. Even if 
it could be already known also in the non-Hilbertian case p ^ 2, we provide here 
a proof that is based on Theorem 14.41 We identify functions that coincide up to a 
rescaling and a change of sign. 
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Theorem 7.2 If a 7^ p — n and q > p, then problem has a unique nontriv- 

ial radial solution U in 2?r' p (M n ; |x| a dx). Moreover, U achieves the best constant 
Sigo(a) and it is given by 



U(\x\) 



lip ~ 1) 
p 



n — p + a 



p — 1 



(n-p+a)(q-p) \ p-q 
1 + 1x1 PtP- 1 ) 



Proof. Using the definitions and the results in Section 01 it is easy to compute 

\x\ a \Vu\ p dx 



S l,q,o( a ) 



inf 

ueT>i' p (W l ;\x\ a dx) 



\x\ ^• q \u\ q dx 



p/g 



u n q M p J-H a ), 



where f}\ q is defined in ()1.4|) . Moreover, u = Tig solves (jl,12p if and only if g is a 
weak solution to (|4,4p . where A = —H a . The conclusion follows by Theorem 14.41 □ 



7.2 The space V^'P(R n ; \x\ a dx) 
In order to simplify notation we put 

n + a (n + a \ ( n + a 
H 2 = H a2 = 2 , 72 = 7 Qj2 = 2 [n 

p v p J V p 



compare with (|3.2p and ([1.6p . We need also the constant 

A 2 = ^-H 2 . 

Notice that 

^2 + 72=(^y^) >0, Hi + 2A 2 H 2 - l2 = 0. (7.1) 

Assume that 72 7^ 0, that is, a ^ {2p — n,np — n}. Then Dr' p (M. n ; is a 

Banach space with norm 



f \x\ a \ 



\Au\ p dx 



Moreover, Pr' p (IR ra ; |x| Q (fx) is continuously embedded into L p (R n ; \x\ a 2p dx) and 
into 2?r' p (R n ; \x\ a ~ p dx) by CLE]), « . 
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For g G C C 2 (IR) we put {T 2 g){x) = \x\~ H2 g{- log \x\). Then 7^ is a linear, invert- 
ible transform C 2 (M) -> C 2 r (IR n \{0}) . 

Now we prove the second-order version of Lemma IT. 11 

Lemma 7.3 Assume a £ {2p — n,np — n} . 

i) The transform T 2 can be extended in a unique way to a bicontinuous isomorphism 

W 2 >p(R) -> Vr' p (R n ; \x\ a dx). 

ii) if a > 2p- n then C 2 r (M n ) C T>r' p (M. n ; \x\ a dx). In particular, if 2p < n then 

Vr' p {R n ; \x\°dx) = £> 2 ' p (R n ). 

Proof. By direct computation one can check that 

f \x\ a \A(T 2 g)\ p dx = oj n [ \g" -2A 2 g' - l2 g\ p ds 

jR n JR 

for any g G C^ r (M.). Therefore Proposition 15.21 and Lemma 17.11 immediately imply 
i). To prove ii) fix u G C 2 r .(R n ), put g = u and then argue as in Lemma 1731 □ 

By density we have that 

/ \x\~^ 2 ' q \u\ q dx = oj n / \g\ q ds 

jR n il 

f \x\- pi «\Vu\ q dx = cj n [ \g' + H 2 g\ q ds 

JR n JR 

[ \x\ a \Au\ p dx = uj n [ \g" -2A 2 g' - j 2 g\ p ds 
Jr u Jr 

for any u = T 2 g G Dr' p (R n ; q > p, where, accordingly with (|1.4p . 

n — 2p + a n — p + a 

P2,q = n- q , p lq = n- q . 

p p 

Now we fix an exponent q > p and we use Lemma 17.31 together with the results 
in Section [5] to study the best constants (|1.13p and (|1.14p . that will be discuss 
separately. 

Theorem 7.4 If a ^ {2p — n,np — n} and q > p, then S 2 ^ q fi{a) is positive and 
attained in 2? 2 ' p (M n ; \x\ a dx). 

i-p 

Proof. Notice that S2 >q ,o(oi) = u) n p Ip, q (A 2 ,~/ 2 ) and apply Proposition 15.21 □ 
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We conclude this section with the complete classification of extremals of S2,g,i (ot). 
As before, we identify functions that coincide up to a rescaling and a change of sign. 



Theorem 7.5 If a ^ {2p—n,np—n} andq > p, then S2 9,1 (ck) is positive. Moreover, 
equation 

A (|x| Q |A[/| p - 2 A[/) + div (Jxl-^IWI^W) = 

has a unique nontrivial solution U 6 T>r' p (M. n ; \x\ a dx). More precisely, U achieves 
the best constant S2,q,i(ct) and it is given by 



f°° 1 a ( (np-n- a) (q-p) \ p-q 

U(s) = k J t p-i \l + t fff- 1 ) J dt ifa>2p-n 

I I p 

Z*'^' 1 a / (np-n-a)(g-p) \ p—q 

U(s) = k J t p- 1 fl+t pfp- 1 ) J dt ifa<2p-n, 



where 

1 

1 \ q-p 



p (p- l)?" 1 



\np — n — a\ q ~ p 



Proof. Use the transform 75 to check that ^2,^,1 (a) = cj n 9 J P) g( J 4 2 , 72, #2)- Thus 
£2,9,1(0) > by to) in Proposition 15.41 The conclusion of the proof is immediate, 
from Theorem 15.71 □ 

Remark 7.6 Here we deal with the infima 

[ \x\ a \Au\ p dx 



£2,9,0 (a) = inf 



«ec c 2 r (R"\{0}) / r r „_ 2p+a \p/<? 
uyto I \x\ p |u| y ax I 

\./r™ J 



£2,9,1 (a) := inf 



xHAuPcte 



in t/ie "degenerate" cases a £ {2p — n,np — n}. Thanks to the Emden-Fowler 
transform T2 : C^(M.) — >■ C% r (M. n \{0}), it is easy to check that 

q-p q-p 
£2,9,0(0) = UJn" Ip,q{A 2 ,'y2) ! £2,9,1(0) = W„ P Jp,g(A2,72,-ff 2 )- 
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Using Lemma 15.31 and Proposition \5.4\ one can prove the following facts: 
i) S 2 , q fl{np -n) = S 2 , q ,o(2p - n) = 0, 
H) Sz, q ,i(np - n) = 0, 

Hi) S , 2,q,i(2p — n) = Mp t q(n — 2) and no function in L p (W n ; \x\ a ~ 2p dx) achieves 
S 2 ,q,i{2p — n). Note that S 2; g t i(2p — n) vanishes ifn = 2, it is positive and explicitly 
known if n > 3, see Theorem \4-4\ 



Remark 7.7 Assume a > 2p — n, a / n(p — 1). Then the weight \x\ a 2p is locally 
integrable and the space C 2 r (R n ) is dense in P 2 ' p (]R n ; \x\ a dx) by ii) in Lemma [7T, 
In particular, inequalities 111.8]) and \2.J$ hold in C 2 r (W l ). We also have that 



/ \x\ a \Au\ p dx > 5 2 ,,, (a) / \x\- n+q ^^\u\ q dx) Vu e C 2 r (M n ) 
[ \x\ a \Au\ p dx>S 2 , q ,i(a)([ \x\~ n+ql! ^\Vu\ q dx] P q Vu G C 2 r (IR n ). 

JR™ ' \jR n J 

Remark 7.8 Assume n > p, n ^ 2p, and take a = 0, q = p* = ^r^- From Theorem 
7. 5 we infer that infimum 5*2 P * n H-16\) is achieved by the function 

U(x)= / s(l + s p *) P ds ifn>2p, 
J\x\ v ' 

U(x) = J s(l + s p ) P ds ifn<2p. 

If n = 2p then p* = n, the constant S , 2 n i(0) in Remark \ 7. 6] is positive and any 
primitive U* of the function ks(l + s n )~ 1 is indeed a solution to the Euler- Lagrange 
equation U.15\) . Moreover, U* satisfies 

[ \AU*\ p dx<oo, [ \x\- p \VU*\ p dx < oo , f \x\~ 2p \U*\ p dx = oo. 

JR n JR™ JM. n 

For instance, if p = 2 and n = 4 then U*{x) = 4\/2arctanr 2 + const. 

7.3 Higher order spaces and inequalities 

To simplify notation we put 

n ~\~ ol 

Hh = H a ,h = h , 7^ = 7 Qj ft = H h (n - 2 - H h ) 

p 
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for any integer h > 1, compare with (|3.2p and (|1.6p . We introduce also the constants 
Notice that 

A h + lh={^^\ >0, H 2 h + 2A h H h - lh = 0. 

In this section we will always assume that ([31]) is satisfied. Thus V k ' p (R n ; \x\ a dx) 
is a well defined Banach space with norm 

Hka= [ \x\ a \V k u\ P dx , 

and it is continuously embedded into L p (M. n ; \x\ a ~ kp dx) by Theorem 11.11 In addi- 
tion, for any integer j G {1, k — 1} it turns out that c a _^_j^ p j^ p > 0. Thus the 
space Dr' p (M n ; \x\ a ~( k ~^ p dx) is well defined. Finally, V k ,p (R n ; is continu- 

ously embedded into Dr' p (M. n ; \x\ a ~( k ~i> p dx) by Remark 12.31 

Accordingly with Section[3l we put (Tkg)(x) = \x\~ Hk g(— log |x|) for g G C k (JH). 

Lemma 7.9 T/ie transform Tk can be extended in a unique way to a bicontinuous 
isomorphism W k ' p (R) V k ' p (R n ; \x\ a dx). 

Proof. Put (T g)(x) = for g £ C k (R). Notice that 

A{T h g) = T h -2 {g" - 2A h g' - lh g) (7.2) 

for any h > 2 (use an induction argument). 

We distinguish the case k = 2m from the case of odd order operators. 

Even poliharmonic operators. Assume that k = 2m is an even integer and that 
lib, 7^ for any h = 1, ...,m. We adopt the notation in Section [6] with 

A = (A 2 ,..,A 2m ) , 7 = (72, -,72m), 
Lhg = g" - 2A 2 h g' - 72/1 g , = L x o ... o L m . 

Using (|7.2p it is easy to prove by induction that 

A m (T 2m g) = T (h A ^g) 



2G 



for any g G (R). Therefore, for u = T2m{g) the following equality holds 



ds. 



The conclusion in the even case follows by Proposition 16,11 

Odd poliharmonic operators. When k = 2m+l is odd we assume that 72^+1 7^ 
for any h = 1, ...,m and that the Hardy constant is positive. Now we put 

A = (A3, ..,A 2m +l) , 7 = (73, •••,72m+l), 

LhQ = 9" ~ 2A 2h +i 9' - l2h+i 9 , = Li o ... o L m . 

Using (|7.2p one can prove by induction that 

A m (T 2m+ i 5 )=Ti(L^ 5 ) 
for any g £ C^(IR). Therefore, for u = T2m+\9 it is easy to compute 



"IIL+l )P) a= / M a |V(A m u)|*cte = a; n 



V 

ds. 



The conclusion follows by Proposition 16, 2i □ 



Remark 7.10 The computations in the proof of Lemma \ 7. 9\ together with Proposi- 
tions I6.il 1 6. "A provide an alternative proof of Theorem 

Remark 7.11 Assume a > kp — n. One can adapt the arguments already used in 
the lowest order case k = 1 to show that C£ r (K n ) C £>r' p (R n ; \x\ a dx). 

Remark 7.12 Thanks to Lemma \7.9\ we can identify Vp p (M. n ; \x\ a dx) with the 
Sobolev space W k ' p (U) trough Tk- In particular, every function u G T>r' p (M. n ; |x| a c?x) 
has continuos derivatives up to the order k — 1, and partial derivatives of order k 
(in the classical sense) exist for almost every \x\ > 0. 

Now we focus our attention on Sobolev type embeddings. For j G {0, k} and 
q > p define Pk-j,q accordingly with ()1.4|) . 
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Remark 7.13 Fix an index j = 1, k — 1, and notice that 

H h :=^±^-h=^-(k- J + h) = H k . J+h , 
q p 

so that Hj = Hk- Moreover, 7^ := Hh(n — 2 + Hh) satisfy $3. 1\) with a,k,p replaced 
by Pk-j,q> J an d Q> respectively. Thus Vl' q (R n ; \x\~ l3k ~^pdx) is a well defined Banach 
space, with norm 

\ 1/9 

x |-A- J , 9 |V''n| 9 dx) 
and Tk can be used to identify W j ' q (R) with Vp 9 {W a ; \x\~ Pk ~^p dx). 
We are in position to state the main result of this section. 

Theorem 7.14 If q > p > 1 and j G {0, 1, k — 1}, then the infimum Sk,q,j{p) in 
\1.11\) is positive and achieved. 

Proof. By Lemma 17.91 Sobolev embedding theorem and Remark 17. 131 we have the 
following chain of continuous arrows: 

V k ' p (R n ; \x\ a dx) ^4 W k ' p (R)^W j ' q (R) -\ V{' q (R n ; \x\~ h -^dx). 

In particular, T>r ,p (W n ; \x\ a dx) is continuously embedded into T4 ,q (R n ; \x\~^ k ~ j ' q dx) 
and hence Sk, q ,j{a) is positive. 

To prove that Sk,q,j(a) is achieved one can study an equivalent minimization 
problem for functions in W k,p (R), as we did in Section [7.21 for the case k = 2. Here 
we adopt a direct approach. The strategy is essentially the same of [17], and it was 
originally inspired to the author by the famous paper [21] by Sacks and Uhlenbeck. 

We introduce the energies ek, p , e jA and E : £> r ' p (R n ; \x\ a dx) -> M by 

e k p (u) = - ( \ x \ a \V k u\ p dx , e jtq (u) = - [ \x\~ p \ V j u\ q dx, 

E{u) = e kjP (u) - e jtq (u), 

where j3 = ^k-j q- The functional E is of class C 1 and minimizers for S := Sk,q,j(a) 
give rise to critical points of E. Using Ekeland's variational principle we can select 
a minimizing sequence such that 

E'(u h )-v^0 uniformly for v in bounded sets of V k > p (R n ; \x\ a dx). (7.3) 
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In particular we have o(||u/ l ||k lQ! ) = E'(u h ) ■ u h = ||u/,||^ a + O ( 1 1 xt^ ||% j0! ) . Thus u h is 
bounded and 

/ \x\-P\V j u h \Ux= f \x\ a \V k u\P dx + o(l) = +o(l). 
Since the ratio in (jl.lip is invariant with respect to dilations, we can assume that 

I \x\-P\V>u h \*dx=(\s\' , ~* . (7.4) 

J{\x\<2} \ 2 J 

We have to prove that, up to a subsequence, Uh converges weakly to some nontrivial 
limit u. Then, a standard convexity argument shows that u achieves S. Assume by 
contradiction that Uh^O weakly in T> k,p (M. n ; \x\ a dx). By Lemma 18.21 we have that 
\V j u h \ -> in L? oc (K n \{0}) and therefore 

f \x\-P\Viuh\" dx = (\ s] + o(l) (7.5) 

J{\x\<l] \ 2 J 

by (|7.4|) . In essence, the idea is to fix a function ip £ C k r (W l ) such that < cp < 1, 
93 = 1 on the unit ball, and to use E'{uh) ■ (<p p Uh) = o(l) to reach a contradiction 
with (|7.5p . However this can not be done if p < fc, as ip p is not of class C k (M. n ). 
Thus we define 

where e £ (0, 1) is fixed. Notice that $ £ £ r (M n ) and that <& e is a constant in a 
neighborhood of 0. Thanks to Lemma [8. II we can compute E'(v,h) ■ ($> e Uh). Since the 
family $ e Uh is uniformly bounded in U k ' p (M. n ; \x\ a dx) as h — > oo, then (|7.3p gives 

We apply (|8.2p in Lemma [83] to get 

4» • (* e u A ) = / \x\ a \V k u h r 2 V k u h .V k (^u h )dx 

= / \x\ a \V k u h \ p <S> E dx + o(l). 

From <1> £ > (fP — e p , we infer 

e' k , p (u) ■ ($ £ u h ) > [ \x\ a \<pV k u h \ p dx - ce p + o(l) 



/ |xr|V fc (^)| p dx-ce p + o(l) 
in" 
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by (|8.ip . where c = sup h \\uh\\k,a- Since 921^ G T>r ,p (M. n ;\x\ a dx) by Lemma [8.ip . 
from the definition of S we get 

e' k Ju)-($ £ u h )>s( [ \x\-P\V j (<pu h )\idx) P/<! -ce" + o(l). (7.7) 

To estimate the right hand side of (|7.6p we use (|8.ip with a, k,p replaced by (3,j,q, 
respectively, to get 

<4,(u) ■ ($ E u h ) = ( \x\-P\V j u h \ q - 2 V j u h -V j ($ e u h )dx 

JR™ 

= / \x\- p \V j u h \ q - p \V j u h \ p <S> £ dx + o(l) 

JR™ 

< (/ \x\-P\V j u h \ q dx ) (I \x\- p \V j u h \ q {^ E f dx V +o(l) 

\i{i a; i<2} y ViR" / 

by Holder inequality. From (|7.4p , Lemma 18.51 and (|8.ip we obtain 

e yu) • (* eUfc ) < \ S Ujx\-P\V j (<pu h )\ q dxY q + ce*>/ q + (1). (7.8) 
Comparing (|7.6p . (|7.7p and (|7.8p we conclude that 

x\-P\V j u h \ q dx< [ \x\- p \V j ((pu h )\ q dx < ce + o(l), 



'{|x|<l} 

since 93 = 1 on the unit ball. Letting /i 00 we readily get a contradiction with 
(]7.5p . as e > was arbitrarily chosen. The proof is complete. □ 

Remark 7.15 Theorem \7. 14\ includes k Sobolev constants without weights. Assume 
n > kp, take an integer j G {0, , ...,k — 1} and a = 0. In addition, assume that q 
equals the (k — j)th order critical exponent 

p(fc-i)* := n P 

n- (k- j)p 

Then Pk-j,q = 0. Taking Remark 7.11 into account, by Theorem \ 7. 1J\ we have that 
the radial Sobolev constant 



S[ k ~ j) * : = inf 



/ 



V k u\ p dx 



k.P ' b _ n— (A— j)f 

•uex>r' p (R") ' - x 



D*' P (R") / r . p „ 

\JR" 



is positive and achieved in T>r' p ( 
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8 Appendix 



Here we prove some compactness and technical results that have been used in the 
proof of Theorem 17.141 We always assume (|3. 1 j) is satisfied. 

Lemma 8.1 Let u G T> k ' p (R n ; \x\ a dx) and $ G C k r (R n ) such that $ is constant in 
a neighborhood ofO. Then G V k,p (R n ; \x\ a dx) and 

[ \x\ a \V k (<S>u)\ p dx < c$ / \x\ a \V k u\ p dx, 

where the constant c$ does not depend on u. 

Proof. Let g = TjT l u G W k > p {R) and put $(s) := $(e" s ) G C k (R). Notice that 
<l(s) for s << 0, 4>(s) is a constant for s >> 0. Thus ®g G W k ' p (R) and hence 
$ii = T k ($g) G £> r ' p (M n ; |x| a cte). Finally, from LemmaES] we infer that 

/ |xHV*(*«)|Pdx<c[|*^,<c*y|^<c» / ixnvVdx, 

and the Lemma is proved. □ 

Next we need few results on weak convergence in V k ' p (R n ; \x\ a dx). Notice that 
V k ' p (R n ; \x\ a dx) is reflexive because it is topologically equivalent to W ,P (R) (or 
because its norm is uniformly convex). 

Lemma 8.2 Let n be a domain such that H c M n \{0}. Then V k ' p (R n ; \x\ a dx) is 
compactly embedded into W k ~ 1,T (ft) for any r > p. 

Proof. Use the Emden- Fowler transform and Rellich theorem for W k ' p (I), where / 
is an appropriate bounded interval. □ 

Remark 8.3 Lemma \8.2\ is closely related to Theorem II. 1 in \1J$ . Actually, the 
same argument shows that TJ k,p (R n ; \x\ a dx) is compactly embedded into C k ~ l {Q). 

Lemma 8.4 Let $ G C k r {R n ) be a given function, such that <3? is constant in a 
neighborhood ofO. Ifuh^O in V k ' p (R n ;\x\ a dx) then 

[ \x\ a \V k (<S>u)-<S>V k u\ p dx = o(l) (8.1) 

/ \x\ a \V k u h \ p ~ 2 V k u h • V fe ($0 dx = f \x\ a \V k u h \ p ^dx + o{\) . (8.2) 
Jr™ is™ 
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Proof. Note that V fc ($u) = $V fc u + *L> fc -iM, where * G C°(R n \{0}) and D k ^ 



is a differential operator of order k — 1. Thus (I8.ip holds by Lemma 
(|8.2p use (|8.ip and Holder inequality. 

We conclude the preliminaries with an elementary lemma. 



To prove 
□ 



Lemma 8.5 Let e,ip G [0,1], 1 < p < q. Then there exists a constant c > suc/i 



that 



2\P/2 



<?/p 



< ip q + ce. 



Proof. Fix (p and put ^(e) 



( £ 2 + v 2 ) 



2\P/2 



If p < 2 then ^ is non 



increasing and hence the conclusion in the lemma holds with c = 0. If2<j><git 
suffices to notice that ip is differentiable at e = 0. □ 
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